Abstract. The energy form on a closed fractal curve F is constructed. As F is neither self-similar nor nested, it is regarded as a "fractal manifold". The energy is obtained by integrating the Lagrangian on F .
Introduction
In this paper we consider a closed fractal curve F , the so-called von Koch snowflake (see, e.g., Falconer [4] ) and we construct the energy form associated to a free diffusion process on it. The main feature is that F is not a self-similar fractal, hence it is not possible to make use of the by-now well established theory of potential analysis (see, e.g., Kusuoka [13, 14] and Kigami [12] ). In order to define an energy form on F , we regard F as a fractal manifold and define the energy form E F on F by integrating a local energy or Lagrangian on F (see Fukushima, Oshima and Takeda [7] , Mosco [18 -21] and Strichartz [22] ).
Two different decompositions of F into three Koch curves K i are possible, namely F = . It turns out that E F can also be obtained as sum of energies associated with the three von Koch curves of which F is made by, independent of the decomposition (see Theorem 4.6). Indeed, in [8] , for a certain class of fractal sets which are the finite union of nested fractals with possibly different Uta Renata Freiberg: Friedrich-Schiller-Univ., Math. Inst., Ernst-Abbé-Platz 1-4, D-07740 Jena; uta@mathematik.uni-jena.de. This work was supported by a fellowship within the Postdoc Programme of the German Academic Exchange Service (DAAD). Maria Rosaria Lancia: Univ. degli Studi di Roma "La Sapienza", Dip. di Metodi e Modelli Mat. per le Sci. Appl., Via A. Scarpa 16, IT-00161 Roma, Italy; lancia@dmmm.uniroma1.it On the other hand, this fractal is given as unique non-empty set which is self-similar with respect to the family of affine contractions Ψ = {ψ 1 and z denotes an element of C (for the moment we identify R 2 with the complex plane C). It is proved that there exists a unique non-empty compact set K such that K = 4 i=1 ψ i (K), (i.e. K consists of smaller similar copies of itself, hence K is self-similar; see Hutchinson [9] ).
Furthermore, one can obtain K as the attractor of the dynamical system {ψ n } n≥1 , where ψ n denotes the n th composition of ψ with itself, the map
) acts on the Banach space of all non-empty compact subsets of R 2 equipped with the Hausdorff metric. Moreover, one has free choice of a (non-empty) closed starting set. The choice of V 0 = {A, B} -which is just the set of essential fixed points of the iterated function system Ψ (see [17] for details) -leads to the following approximation of K by an increasing sequence of finite sets of isolated points.
Setting V 0 = {A, B}, for arbitrary n-tuples of indices j 1 , ..., j n ∈ {1, ..., 4} we define
and
It is easy to see that V n = 4 n + 1. Every point p in V n \{A, B} has two neighbors q ∈ V n , which are called n-neighbors of p, denoted in the following by q ∼ n p. We say that p, q ∈ V n are n-neighbors, if there exists a n-tuple of indices j 1 , ..., j n ∈ {1, ..., 4} such that p, q ∈ V j 1 ···j n . They both have distance 3 −n from p. Further, we set
There holds K = V * .
Moreover, there exists a unique Borel probability measure µ which is selfsimilar with respect to the family Ψ, i.e.
for any Borel set A ⊆ R
2
, and supp µ = K. Note that µ is given by the normalized
ln 3 (see [9] ). Further, for any n ≥ 1 we define a discrete measure µ
where δ {p} denotes the Dirac measure at the point p.
In [15] the following result is proved:
2.2 Energy form on the von Koch curve. In this subsection we recall the construction of the energy form on the von Koch curve K. It is based on finite difference schemes and follows general lines described in [14] for nested fractals.
For any function u : V * → R we define
where q ∼ n p means that q is an n-neighbor of p. It can be shown (see [14] ) that the sequence (E n [u]) n≥0 is non-decreasing, the limit of the right-hand side of (2.2) exists and the limit form
is non-trivial (E = ∞) with domain
Every function u ∈ D * (E) can be uniquely extended to an element of C(K). We denote this extension still by u and set
is the Hilbert space of square summable functions on K with respect to the selfsimilar measure µ.
We now define the space D(E) as completion of D in the norm
and is a Hilbert space with scalar product associated to norm (2.4). Then we extend E as usual on the completed space D(E).
It is easy to see that, for any pair u, v ∈ D(E), E(u, v) is the limit of the sequence (E n (u, v)) given by
It is regular and strongly local. Regularity means that D(E) ∩ C(K) is dense both in C(K) with respect to the uniform norm and in D(E) with respect to the intrinsic norm (2.4). This property implies that D(E) is not trivial (i.e. not made by only the constant functions). Moreover, the functions in D(E) posses a continuous representative, which is actually Hölder continuous on K (see [15: Corollary 3.3] ). In the following we will use In the following we identify u ∈ D(E) with its continuous representative, still denoted by u.
2.3
The Lagrangian on the von Koch curve. In this subsection, we construct the Lagrangian on the von Koch curve. For the concept of Lagrangians on fractals, i.e. the notion of a measure-valued local energy, we refer to [7, 18, 20] (see also [2, 21] ).
We observe that the approximating energy forms E n on V n , defined in (2.5), can be written as
where µ n is the discrete measure given in (2.1). For every n ≥ 0, µ n is a measure on K supported on V n , and for any p ∈ V n the "discrete gradient" is given by
where δ = ln 4 ln 3 (see [21] 
weakly converges in
Proof. First, let us restrict ourselves to the quadratic case.
Let n ∈ N be fixed. It can be proved by straightforward calculations that, for every u ∈ D(E) and every ϕ ∈ D(E) ∩ C 0 (K), the identity
holds. As the energy form E[u] is a Dirichlet form of diffusion type, it admits an integral representation (see [16] ): there exists a unique positive Radon measure, which we call
and which is uniquely defined by
(see [18] ). Passing to the limit as n → ∞ in (2.8), from (2.3), taking into account the regularity of the form, it follows that the right-hand side of (2.8) tends to the right-hand side of (2.9). Hence we have proved that
These are Radon measures on K uniquely associated with every u, v ∈ D(E).
The weak convergence of the sequence (L
follows from the polarization formula and (2.10) (see [18] )
is a positive measure). This measurevalued Lagrangian takes on the fractal K the role of the Euclidean Lagrangian dL(u, v) = ∇u · ∇vdx. Note that in the case of the Koch curve the Lagrangian L K is absolutely continuous with respect to the volume measure µ (see [3] ). On the contrary, this is not true on most fractals (see [20] ).
3. The von Koch snowflake 3.1 Intuitive description. By a von Koch snowflake F we will denote the union of three standard von Koch curves K 1 , K 2 and K 3 as shown in Figure  2a . We assume that the junction points x 1 , x 3 and x 5 are the vertices of a regular triangle with unit side length, i.e.
Obviously, F can also be seen as the union of the three other standard von Koch curves K 4 , K 5 and K 6 (with junction points x 2 , x 4 and x 6 ), as shown in Figure 2b .
From now on we assume that a clockwise orientation is given on F . Remark 3.1. We observe that the points x 1 , x 3 and x 5 , which are the endpoints of K 1 , K 2 and K 3 , are interior points of K 4 , K 5 and K 6 , respectively; viceversa, the points x 2 , x 4 and x 6 are interior points of K 1 , K 2 and K 3 , respectively.
ByK i (1 ≤ i ≤ 6) we denote the curve K i without its endpoints. Of course, the Hausdorff dimension of the von Koch snowflake is also given by D f = ln 4 ln 3 . But unfortunately, this fractal is no longer self-similar (and, hence, not nested). So we cannot apply the theory of defining an energy form on a nested -or, more general, on a post critically finite -fractal which was developed by several authors (see, e.g., [12, 13, 17] ).
One can define, in a natural way, a finite Borel measure µ F supported on F by
where µ i denotes the normalized D f -dimensional Hausdorff measure, restricted to K i (i = 1, 2, 3). There holds also that µ F = µ 4 +µ 5 +µ 6 , where µ i is the normalized D f -dimensional Hausdorff measure restricted to K i (i = 4, 5, 6). Obviously, K 1 is the uniquely determined self-similar set with respect to four suitable contractions ψ (1) 1 , . . . , ψ (1) 4 , with the same ratio 1 3 , which can be obtained from ψ 1 , . . . , ψ 4 by composing them with rotations and translations, as it will be pointed out in the next section.
As before, we approximate K 1 from below by a sequence of finite sets of points. For this, set
m .
There follows 
3.2 The von Koch snowflake as a manifold. We assume that we are given a von Koch snowflake F as described above. For our purposes it is convenient to regard F as a "fractal manifold". We cover the snowflake by sets U i (i ≥ 1), which are open subsets of the snowflake and which can be mapped by a corresponding set of homeomorphisms {ϕ i } i≥1 to certain "fractal reference sets". Here "open in the snowflake" means open with respect to the trace topology on F of the Euclidean one on R Proof. Let p, q ∈ V (i) n be n-neighbors. Then there exists an n-tuple j 1 , ..., j n such that p = ψ
where {ξ
, η
thus the thesis follows from the properties of the functions ϕ i . As the matrix
Corollary 3.3. For any n ≥ 1 and any i = 1, . . . , 6, the map ϕ
From the above consideration a natural definition of n-neighbors can be given for the points in V m . Every p ∈ V m has two neighbors q in the following denoted by p ∼ m q. 4 . Lagrangian and energy form on the snowflake 4.1 Lagrangian on the snowflake. In this subsection, we define the Lagrangian L F on the fractal snowflake F by using its representation as a "fractal manifold" (see Subsection 3.2).
Let L K be the Lagrangian on the von Koch curve K introduced in Proposition 2.3. To this aim, we introduce the space
Let w, z be two given functions in D F defined on F . We want to define a measure L F (w, z) on F .
Definition 4.1. Let A be a Borel set of K i . We introduce the measurevalued Lagrangian L F (u, v) of the set A as image measure (see, e.g., [5] ) of the measure We now show that the definition of L F (w, z) (w, z ∈ D F ) is well posed.
Energy Form on a Closed Fractal Curve

Proposition 4.3. The above definition of the Lagrangian L F is independent of the choice of the sets
Proof. Choose two functions w, z ∈ D F and two indices i = j. From Proposition 2.3 it follows that L K is the weak limit of L (n) K . In order to prove (4.2) it is sufficient to show that, for any n ≥ 1 and for any p ∈ K i ∩ K j ∩ V n , the discrete gradients satisfy
Then r ∈ K ∩ V n , and we have to show that, for any n ≥ 1,
i , the right-hand side of (4.3) is given by
where the last two equalities follow from Corollary 3.3. The last sum equals to the left-hand side of (4.3) Definition 4.4. If B is an arbitrary Borel subset of F , it can be regarded as disjoint union of sets B 1 , . . . , B 6 defined by B i = B ∩ C i,i+1 (i = 1, . . . , 5) and B 6 = B ∩ C 6,1 , where C i,i+1 denotes the set of all points of F located between x i and x i+1 , including x i and excluding x i+1 , and C 6,1 denotes the set of all points between x 6 and x 1 , including x 6 and excluding x 1 . Then any of the sets B i is contained in one of the sets K 1 , . . . , K 6 , and we define
We define the energy form on the fractal snowflake F in terms of its local energy measure L F . 
We note that
as follows from Remark 2.4 in this simpler situation and from [1: Theorem 5.2] in the more general case of post critically finite fractals.
4.2 An alternative definition of the energy form on the snowflake. In this subsection, we give a definition of an energy form on the fractal snowflake which does not make use of the notion of the Lagrangian. Later we will see that both approaches are equivalent. Here we refer to the set F no longer as a manifold but as union of three von Koch curves (see Figures 2a and 2b ; see also [8] ).
In order to introduce some notations, we recall the definition of the energy form on one of these curves, say K 1 (according to Subsection 2.2). For any function u : V (1) * → R we define the non-decreasing sequence (E
As explained in Subsection 2.2, we identify each D * (E (1) )-function by its continuous extension on K 1 . Proceeding as in Subsection 2.2 we have that (E (1) , D(E (1) )) is a strongly local Dirichlet form on L 2 (K 1 , µ 1 ) and D(E (1) ) is a Hilbert space equipped with the norm · 2
We proceed analogously for the von Koch curves K 2 , . . . , K 6 . We denote the corresponding energy forms by E (2) , . . . , E (6) , obtained as limits of
m ) m≥1 , respectively. Finally, we denote the domains of these strongly local Dirichlet forms by D(E (2) ), . . . , D(E (6) ) and the corresponding Lagrangian on
In order to define the energy form on F , we proceed as follows. For any function u : V * → R we define
, where µ F is defined in Subsection 3.1. We now define the space D( E F ) as completion ofD in the norm
and is a Hilbert space with scalar product associated to norm (4.6). Then we extend E F as usual on D( E F ).
We recall that F can be thought as union of three von Koch curves according to Figure 2a as well as to Figure 2b .
We now show that E F is independent of the chosen tiling of F . Namely, we have:
) (i = 1, ..., 6). Moreover, in this case we have
Proof. We only prove the first equality, the second being analogous. As on F the clockwise orientation is given, every point p in V m has a "preceding" and a "following" m-neighbor in V m , denoted in the following by p 
].
By passing to the limit as m → ∞, it follows u |K i ∈ D(E (i)
) (i = 1, 2, 3). By a similar argument it also follows that u |K i ∈ D(E Remark. From the proof of Theorem 4.6 it follows that for a function u to be in D( E F ) it is sufficient that u ∈ C(F ) and
) (i = 1, 2, 3) (or, equivalently, i = 4, 5, 6). In particular, from this follows that no matching conditions at the junction points are needed. 
Proof. The thesis follows from Theorem 4.6 and Proposition 2.2 4.3 Equivalence of both approaches. In this subsection, we show that the form E F coincides with the form E F . In the following we denote the restriction of
We preliminary prove the following
),
Proof. Without loss of generality we show the assertion for i = 1 only.
. Hence, the left-hand side of (4.8) can be written as
where the last equality follows from the fact that ϕ −1 Lemma 3.2) . From the finiteness of the last limit it follows that u |K 1 ∈ D(E (1) ) and that
Thus the statement is proved 
(4.9)
Proof. Let u be in D F . We prove that u belongs to D( E F ) and that (4.9) holds. Indeed, every u ∈ D F is continuous on F (see Remark 4.2) . From Lemma 4.9 and Theorem 4.6 it follows that u ∈ D( E F ). We note that E F can be written as
(see (4.5)). From Theorem 4.6 we have
This together with Lemma 4.9 yields (4.9) for any u ∈ D F .
On the other hand, if a function u is in D( E F ), we obtain from Theorem 4.6 that u |K i ∈ D(E 
2 . Because of the equivalence of both energy forms, from now on we use only the notation (E F , D F ).
Remark 4.13. We point out that the definition of energy forms in terms of a local energy measure, i.e. a Lagrangian, can be adopted to define energy forms on a wider range of more general fractals with a smaller (or, even empty) symmetry group; of course, in the case of the von Koch snowflake, the above equivalence is due to the simple geometry -i.e. the high symmetry -of the von Koch snowflake. 
In a similar way, on each of the Koch curves K 1 , . . . , K 6 we define Laplacians
) .
These are the "field operators" with homogeneous "Neumann" boundary conditions [19] .
We now define the local operator ∆ K i ,loc onK i (i = 1, ..., 6). Following [19] , we define D(E We now define the "local" Laplacian ∆ K i ,loc (i = 1, . . . , 6).
) loc is a local weak solution of the (formal) equation
Given f ∈ L 2 (K i , µ i ), we denote the set of all weak solutions u of equation (5.1) by
) loc : u satisfies (5.2) .
This defines
We denote by −∆ K i ,loc the inverse of R 0 [∆ K i ] loc in multi-valued sense. That is, −∆ K i ,loc is the operator defined on the domain
It can be proved (see [19] ) that −∆ K i ,loc is single-valued on its domain, and we write f = −∆ K i ,loc (u) if u ∈ D(∆ K i loc), with domain
being the space of all functions u ∈ L
) loc such that u is the weak solution of equation (5.2) for a function f ∈ L 2 (K i , µ i ), and then we write −∆ K i ,loc u = f .
In order to describe properties of the free diffusion process associated to E F , from now on, just to fix ideas, we assume F = 
